TANGLE DECOMPOSITIONS OF KNOTS AND LINKS
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1. HISTORY

3-sphere [0 0 compact 1-submanifold 0 linkOD O OOD0OOO0O0O0O linkOO0O
knot0 0000000000000 O0ODDODOODOOODOO non-splittable link O
connected sum 0 00 0O prime link0 0000000000000 0O00OOOO [41],
[0)DO0000“00000000000O000U0o0ooooUoo’ooooUoo
gooooooood

1970 0 OConway 0 OO0 “Tangle” 00 OO0 D00 O OO0 Otangle regular presen-
tation0 000 knot 0000000000000 DO0O 400000 “Tangle”
000 knot O link O splittability, primeness, hyperbolicity 0 O OO OO0 OO0
0000 (18], [20], [29], [30], [28], [43] 0

1982 O O Norwood O O O two generator knot 0 prime 00000000000

0 [31]Norwood 000D 000000 DODODOO OScharlemann 0 tunnel number

one knot 0 two generator J 0 0000 000 Otunnel number one knot 0 prime O
000000000000 00 [39)M00 OScharlemann O tunnel number one knot
0 2-string prime 0000 OO0 Oknotd 40000 O 2-sphered “prime” tangle O
0000000000 0000000 (3900000199500 Gordon O Reid O
0000000 O0O0D0D0 string00 00 O tunnel number one knot O “essential”
tangle 0000000000 0O0O0O0OODOO 9

00 linkO000 01995 0 Jones 0 O O composite two generator link 0 Hopf
link summand D 00000000000 [16]10 00 OMorimoto O tunnel number
one link 0 composite 00000000 DO0OOO O2-bridge knot O Hopf link O
connected sum 00000000000 [25]00Gordon 0 Reid 000D O0OO0O
0 O tunnel number one link 0 essential tangle 0 O 000 00 00 O “Hopf tangle”
summand 0 0000000000 [9]D
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two generator 0 O tunnel number one knot/link0 00 000000000000
00000000000 O00DOOO0O00DDOO D O3-sphered genus two Heegaard
surface 00000 O knot/link0 0000000 double torus0 00 O OO [14], [15] 0
1994 0 O Morimoto 0 composite double torus knot [0 torus knot 0 connected sum
000o0ooooOoooo 26

2. DEFINITION

BO 3-ballODOOTO BOO proper0 000000 compact 1-submanifold O O
OO000oooBOTOOO (B, T)0 tangleDD0O0OOT O arcO000 stringd 00O
0070 00 string0 0000 (B,T)0 n-string tangle 0 0 O O n-string tangle
(B,T)0 triviel 00000 0(B,T)0 (D x I,{x1,---,2,} x 00000000
O0000D0Oo0ooO0oO0ODO diskO0Ox,; (i=1,---,n)0 IntDOOOOOODO
(B, T)0 essential 000000

1. 0B—-0T0 B —T 00O incompressible

2. B—T0O irreducible

3. (B,T)0O trivial 1-string tangle 0 O O
0000000000 cf 9)(B,T)0 free00000 Om(B-T)0 free group 00
00000 [19)0(B,T)0 free00 0000000000 O(B,T)0 exterior B(T) =
cl(B— N(T))O handlebody 0000000000000 [13, 5.2. Theorem] I O
O0000000000O0E(T)O closed incompressible surface 0 D 000000
00000 [37, Lemma 2.2][0 00 Ofree tangle0 loop D00 000000 OODO
good

K O 3-sphere S3 00 knot 00 link OO0 0SO S$200 2-sphered KO 2n 000
gooboooboooboodgg (53,K)|:| SO0000000 n-string tangle (By,TY)
0 (B, T>) 0000000 [40], 2|00 (B1,T1) Us (B2, T2) O K O n-string tangle
decompositiond 0 0 O S 0 n-string tangle decomposing sphered 0 00O

KOOOO n-string tangle decomposition (B, T1)Ug (B2, T2)0(Cy, R1)Up(Ca, R2)
O dsotopic 0 0000 Oisotopy f : S22 x I — S2000000f(S? x0) = SO
(2 x1)=POf(S’NK)x)cKOOOOODOODOO

n-string tangle decomposition (B, T1)Ug(Bz, T2) O trivial resp. essential, free0
000000(By,T1)0 (B, T2) 0 00O triviall resp. essential, free000 00 00O
0 OO O trivial n-string tangle decomposition 0 n-bridge decomposition 0 00 O O
nO00000 K O bridge index 0 OO0 [42]00 K O n-string composite 1 0 00O
0 O K O essential n-string tangle decomposition 0 OO0 00 OO0 O K O n-string
composite 0 0 00 O n-string prime 00 00 [1], 9000 n=10000000
0 compositel]l primed 00O 0O O O

K O essential 1-string tangle decomposition (By,T1) Us (B2, T2) 0000 00O
trivial 1-string tangle (B!, T/) (:=1,2)0 0000 (B;, ;)0 0000000000
000 link (S3,K;) = (B, T}) U (B, T/) (i=1,2)000000000K0 K; O
Ko O connected sumO0 00 0K = Kiy#K, O0OOO“O00O0O0D0OOOOOOOO
00000000070 000000000000000 Okoot/linkO000O00O0O
gooooo

Theorem 2.1. ([41], [10]) non-split linkO connected sum 0 0000000 prime
lWnkODDODDOOOODOOODO

K O exterior E(K) = cl(S® — N(K)) OO properly embedded mutually disjoint
arc v, ,% 0 c(B(K) = N(y1 U---U~)) 0 handlebody 000000000
O00 arc000 t0 KO tunnel number 000 0¢(K)O OO0 BODOOOOO
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O {v1, -+ ,%} 0 KO unknotting tunnel systemn 0000000000 E(K)O
t(K)+10 Heegaard splitting0 00000000000« K)=000000000
0000 KO trivial knot 000000000000 Otunnel number one knot/link
000000 exteriord0 O (genus two handlebody) U (2-handle) 0 D000 00O
00 O2-bridge knot/link 0 0 020 00 torus knot/link O tunnel number one 0 O
gboooobboobobuoobobbooon

S3 0 Heegaard surface ] KOODOOODOOOOOOO genusd K O h-genus O
00 0ARK)ODOOO [26)[0AK)=0000000000000 KO trivial 00O
O0000O0AK)=1000 KO torus knot/linkOh(K) =2000 double torus
knot/link0 000 00O

tunnel number one knot/link K O O O unknotting tunnel v 0O 00 O Ogenus two
closed surface ON(K U~y)0 0000 S3 0 Heegaard surface 0 00000 0K OO
0000 surface00 isotope 0O O00O000O0O00O¢K)=1000 h(K) <2
0000000000000 Otunnel numberJ h-genus 00000000000
ago

Proposition 2.2. ([26], [17, Proposition 15.3.9])
HE) +1— |K| < h(K) < t(K) + 1
O0O0O0|K|O KOOOoooood

FO KO Seifert surface D00 O0F O free0 0000 07 (S®— F)O free group
O000D0O00KAO free Seifert surface 0 000000 genusO free genus0 00 O
gr(K) DO DODO [24]00free tangle 00 ODOOF O free0 00000000000
S$3 —IntN(F) 0O handlebody 00000000 ON(F)0O 00 handlebody 00 00
0 Ofree Seifert surface FO OO0 0 N (F)0O S?0 Heegaard surface 0000000
O0OO0OKOON(F)OODODO isotope0 0000 OOOOO Ofree genusO h-genus
ggooobobooboboo

Proposition 2.3.
W) < 295(K)

0 00 Ofree genus one knot 0 0 O O genus one torus knot 0 0 O trefoil 0 O O
O double torus0 O 0O O

Remark 2.4. 00 0000000000000 OOOOOO O(p, q)-torus knot (p, g >
0) O free genusO (p—1)(¢ —1)/20 00000 Odouble torus knot K O OO O
genus two Heegaard surface F O KO FOOOOOOOOODOOOOOOF-K
0000000 KO Seifert surface0 0000000000 free0 000000 c.f.
36|00 000gs(K)>2000 double torus knot 0 00000000000 0OO
g7(K)<h(K)/20000000000

Remark 2.5. 0000 Otunnel number one knot 00 free genus one knot 0 double
torus 00000000000 0O0O000O0O00OO0OO0O0DO000O000bOO0n
0 O (2,5)-torus knot O tunnel number one 0 O OO Ofree genus two 0 O 0 00O
O O Montesinos knot M(0;(3,1),(3,1),(3,1)) O free genus one 0 0 00O O tunnel
number two 0 O 00 [27] D

Montesinos tangled n 00O slope §;/a; (i = 1,--+ ,n) rational tangle 0 “partial
sum” 00000007 (B /a1, ,0n/an) 0000 Figure 410

trivial n-string tangle (D x I,{z1, - ,2,} x I) O Oloop 9D x % O IntBOOO
OO0D000000OOd tangled n-string Hopf tangle0 00 O H,, 0000 Figure 511
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( )

FIGURE 4. Montesinos tangle T'(81/a1, -+, Bn/ )

FIGURE 5. n-string Hopf tangle H,

(n—1)-string Hopf tangle O trivial arc0 OO0 00 O tangleOd n-string quasi Hopf
tangle 1 00 0@, O O 0O O quasi Hopf tangle 0 O trivial arc O trivial loop O OO
arcyOOO0O0OO000OO0ODODOOOOO Figure 611

FIGURE 6. n-string quasi Hopf tangle @,
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3. TUNNEL NUMBER ONE KNOT/LINK

tunnel number one knot 0 D000 0 OGordond Reid0O0O00OO0OO0O0OOOOO
ogo

Theorem 3.1. ([9]) Tunnel number one knots are n-string prime for all n.

tunnel number one link O 00O O0 00O Morimoto O OO composite d 0 00
oooood

Theorem 3.2. ([25]) A tunnel number one link is composite if and only if L is a
connected sum of the Hopf link and a 2-bridge knot.

00 O Morimoto 0 unknotting tunnel D 0O 00000000

Theorem 3.3. ([25]) A composite tunnel number one link L can be decomposed
into the union of the 2-string quasi Hopf tangle and the 2-string trivial tangle.
Moreover, any unknotting tunnel for L is isotopic to -y.

Hopf link 0 summand 000000000 Gordond ReidODOOOOOODONO

Theorem 3.4. ([9]) If a tunnel number one link is n-string composite, then it can
be decomposed into the m-string Hopf tangle for some m (< n) and an essential
tangle.

tunnel number one link 0 00 n 0O 00 O n-string composite 0 0 0 O Gordon-
Reid 00 00 OO Ounknotted component 0 00000 O0D0OO0O0COO0O0O linkO
OO0 OMorimoto0 00O OOOOODOOCOCODOO

Theorem 3.5. ([7]) Let L = K1 U Ky be a tunnel number one link. Suppose that
at least one component of L, Ko say, is unknotted. Then L can be decomposed into
the (n + 1)-string quasi Hopf tangle and the (n + 1)-string trivial tangle, where n
is the wrapping number of K1 with respect to the exterior of Ko. Furthermore the
position of an unknotting tunnel of L is isotopic to .

Morimoto 0 0 O 0O O 2-bridge knot 0 connected summand D0 000000 O
ooopooopoooopoooo

Corollary 3.6. ([7]) Let L = K1 U K3 be a tunnel number one link with Ko un-
knotted. Then

b(Kl) <n+1,

where n is the wrapping number of K1 with respect to the exterior K.

4. FREE GENUS ONE KNOT

000 nO0O00O n-string prime 0 knot 00 O O

e torus knot

2-bridge knot

tunnel number one knot0 [9]0

Montesinos knot with length threed [32]0

small knot, that is, knot whose exterior does not contain an essential closed

surfacel [5]0

knot with irreducible non-sufficiently large double branched coverd [1]0[22]0

e satellite knot with the pattern which contains no essential tangle and the
companion which admits no essential tangle decomposition [11]0
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gdoooboooooboboooooooboooooboobooo
Theorem 4.1. ([22]) Free genus one knots are n-string prime for all n.

Remark 4.2. 00O n0O 00 O n-string composite O genus one knot D 000000
00 O n-string composite knot 0 doubled knot 00 O O 2n-string composite O 0O O
O 21

5. DOUBLE TORUS KNOT/LINK

Morimoto O O O composite tunnel number one link[] composite double torus
knot 00000000000 O0OO doubletorus linkO0O0 0000000 D0OO0O
L0 $300 unknotted torus HO O OO O torus knot 00 linkO0 OCO S3—H
0000000 coreloopd00000O0OOOlnk LUCO cabled Hopf link0O 0O 0 O

Theorem 5.1. ([36]) Let L be a double torus knot or link in S®. Then L is 1-string
composite if and only if L is either
e a cabled Hopf link as a connected sum of Hopf link,
e a connected sum of a cabled Hopf link and a 2-bridge knot, where the connected
sum is performed at C, or
e a connected sum of two torus links.

2-string composite double torus knot/link 0 00 000000000000

Theorem 5.2. ([36]) Let L be a knot or link in S which is contained a genus
two Heegaard surface F of S3. Suppose there exists a 2-sphere S in S3 which
gives an essential 2-string tangle decomposition of the pair (S, L) and intersects
all components of L. Then there is an isotopy rel.L of S which makes S intersect
F in a single simple closed curve.

00 Oonce punctured torus 0 O essential arc0 00 000 O 2-string composite
knotOO0D0ODOOD0OOD0OOODOODOODDOOOODOO

Corollary 5.3. ([36]) Hyperbolic double torus knots are 2-string prime.

6. FREE TANGLE DECOMPOSITION

free 2-string tangle decomposition 0 0 0 O O knot/link O O tangle O essential
000o0oooooooooooooooog

1. 2-bridge knot/link

2. tunnel number one knot /link

3. knot/link with essential free 2-string tangle decomposition
300000 knotd OO O essential tangle decomposition 0 OO0 000000 O0O
oo0oooooooo

Theorem 6.1. ([35]) Let K be a knot which admits an essential free 2-string tangle
decomposition. Then any essential 2-string tangle decomposition of K is unique up
to isotopy, and K is n-string prime for all n # 2.

link 0 OO OO Onon-isotopic essential 2-string tangle decompositiond 0 00O O
0oo00oooooooDoooooooon

Theorem 6.2. ([34]) Let L be a link in S which admits an essential free 2-
string tangle decomposition. Then L admits non-isotopic essential 2-string tan-
gle decompositions if and only if L is equivalent to a 2-component Montesinos
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link M(0; (a1, 1), (2,1), (aa, B2),(2,1)), where o; and B; are coprime integers and
a; is an odd integer greater than one (i = 1,2). Moreover, if L is the Mon-
tesinos link, then L admits exactly two essential free 2-string tangle decompositions
T(61/a1,1/2)UT (B2/2,1/2) and T'(1/2, B2/ a2)UT(1/2, B1/a1) up to isotopy and
any 2-string tangle decomposition of L is isotopic to one of those two.

7. SATELLITE KNOT/LINK

Vo O solid torus 00 OKp O IntVp, OO linkOO0O0O0O (Vp, Ko)O essential O
O00000KyO VO cored ambient isotopic 0 0 0O 0OVy — Ko O irreducible O
000000V, 0 8300 knot K; O tubular neighborhood 00 Oh: Vo — V4 O
homeomorphism 0 0000000 OK = h(Kp) O satellite0 0000 O(Vp, Ko) O
essential 0 O K7 0 non-trivial D000 OO0OK, O KO companion knotO (Vy, Ko)
O pattern 000 00O 0O

satellite knot/link O companion knot 00000000 OO0 OO Otangle de-
composition J 00 O 0O Opattern O essential tangled 0 00 00O 00O O Ocompanion
knot 00000000 D0O00DOO0OO0O000OO0ODOO0OO

Theorem 7.1. ([11]) Let K be a satellite knot or link in S* with a pattern (V,K).
Suppose there is no essential tangle in (V,K) and K admits an essential tangle
decomposition. Then the decomposing sphere S can be isotoped in (S*, K) so that
it gives an essential tangle decomposition of the core of V if |S N K| is minimum
over all essential tangle decompositions of K.

0O O O Osatellite knot/link O essential tangle decomposition 0 O OO O pattern
00 essential tangle0 OO 000 OO companion knot [0 essential tangle decompo-
sition0 00000000000 Opattern 00O essential tangle J 00 O O satellite
knot O essential tangle decomposition O O 0 O 0 O O companion knot 0 essential
tangle decomposing sphere O pattern O O meridian disk O satellite knot/link O O
0000000 0000000O000O0000 satellite knot/link O essential tangle
decomposing sphere 0 000 O000000O0O0DOO0O

Corollary 7.2. Let K be a satellite knot or link with a pattern (V, K). Then K s
n-string prime for all n if and only if there is no essential tangle in (V, K) and the
core of V' is n-string prime for all n.

8. THIN POSITION

5300 knot/link K OO0 O OGabai 0 Thurston 0 000 00 thin position O
0000 [6)m

h: 8% —{+oo} = 5% x R — RO Oprojection 0 h|x O Morse function 0 0 O
O00000¢ < -+ < ¢, 0 A0 critical valueOO OO0 ¢ (¢ =1,---,n) 000
¢ <ri<c¢+1 0000000 regular value, 000000 f:{ry, - ,rn_1} —7Z
O f(ri) = |KNh~(r)|D0000AD widthD w(h) = i(f(r;)) 0 0K O widthD
w(K) =min{w(h)} 00000000 Omin0 K O ambient isotopy O O 0 O w(K)
0000 KOOOO thin position 0000 f(ri—1) < f(ri), f(ri) > f(rig1) OO
O h=Y(r;) O thick sphereQ f(ri—1) > f(r:), f(ri) < f(riz1) 000 h7Y(r;) O thin
sphere 0 00 0 O thin sphere 0 0000000 bridge position 0 0000000 0OK
0000 thick sphere J 0 O bridge tangle decomposition 00 000 O

Remark 8.1. thick sphere0 0 000000 OGabaiO Property ROO [6] (0 Gordon
O Luecke 00000000 ODOOOO 8]
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Thompson O thin position 0 essential tangle decomposition 0 OO0 OO0 OO DO
oooo

Theorem 8.2. ([44]) Let K be a knot in thin position. Then K is also a bridge
position or K admits an essential tangle decomposition.

Remark 8.3. 0 00 Othin position O bridge position 0 0 O O O essential tangle
decomposition 1 00000000000 000O00O0O0O000O0O00O0 0840
prime 3-bridge knot 0 O O O O thin position O bridge position0 00000000
O Oessential free 2-string tangle decomposition 0 0 0 O O knot O crossing number
goooooooon

Thompson 0 00 0 0000 Othin position d bridge position 0 0 000000
00 0O thin sphere 0 compression [0 O 00 O [ essential tangle decomposing sphere
O00D0O0O0ODDO0O0O0 OO0 Heathd Kobayashid OO OO incompressible 0 O O
00000000012 o0oooo0ooooooooo

Conjecture 8.4. 00O thin sphere O essential tangle decomposition 0 00 O O

00 O 1-string composite 0 D00 0000000000 OOOOQO Ocomposite
knot K = K1# K5 [0 thin position 0 00000

Conjecture 8.5. decomposing sphered thin sphere00 000 OO
00ooo0ooooooooooooooogon

Corollary 8.6.
’LU(Kl) = ’U}(Kl) + ’U}(KQ) -2
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