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th ls  pape!  ana lyzes  a  s ins l€  server
rc< le l  u i th  teo  queues us lng  the  gene la t lng-
func t lon  ne thod.  Two serv lce-d lsc lp l ln€
rcde l .  a re  u8€d:  a  hode l  tn  rh lch  the  ser -
v tc€  d lsc lp l lne  o f  one qu€ue is  "exhaust tve"
lnd  tha t  o f  the  o ther  queue 1s  "gared" ;  snd  a
@del  ln  eh tch  th€  seo lce  d lsc lp l lne  o f  one
queue i .  "exhaur t l ve"  a f ,d  rh . t  o f  the  ocher
queua ls  " l - l l o l ted . "  fo !  each rcd€I ,  the
Lap l .ce-St le l t les  t la .s fo tu  (LSI )  o f  ea l t tng
l1 r  d ls t r lbu t lons  a .d  @an ea l r tn8  t l r .8  a re
d . ! !v !d ,  8y  us lng  the  res l l t s ,  the  d l f f€ r -
ence of the oean eaitinS ttres 1. the teo
Fd€13 ld .hosn s l th  d t@r ica l  € raop le . .  I t
t s  po66 lb le  to  cont .o l  the  charac ter ls t l . s
(e .8 . ,  th€  D€an ea l t l |g  t iDes  h  ea .h  ou€o€
and thc l r  ra t to ,  eh l .h  dep€nd on  paraEeters
such aB the  t ra f f l c  dens i ty )  o f  lode ts  u t th
F lxed serv lce  d lGc lp l lnes  by  chanSlnS the
cdbtne t lo . .  There fo le ,  i t  1s  topor tan t  ro
ana lyze  rhe6e mde ls  fo r  des ign inS an h t€-

8r r ted  sys te !  d r lch  hand les  d t f fe renr  c ra f f l c
charac t€r i6 t l ca  and r€qu i red  quaI l t  les

l ,  In t loduc t lon

Th is  p$per  ana lyzes  a  rcde l  tn  th tch  lu .
queue3 o f  cus toEers  a r€  sened a t te rna te ly  bv

The sewlce  d isc lp l lnes  can be
c tas6 l f i€d  by  the  nubb€r  o f  cus torera  ln  a
qu€ue 3erved dur lng  one v is i t  o f  the  server .
The fo l loe in8  lh lee  d lsc ip l lnes  are  con8 ld-
c r .d  tn  th ts  pape! :

Exht rusc lve  sen ice :  The server  serves
cus torers  ln  a  queue un t i l  rhe  queue ts  eoDt ) ' .

C6ted  serv lce :  lhe  server  se lv€s  con-
t lnuous ly  on ly  those cus tmers  tn  a  qu€ue ebo
, r .1ved be fore  the  v is l t .

l - l l o l ted  se lv lce :  The s€rer  seo.s
on ly  one co6to@!  i .  a  queue sbo a t r l ved  b€-

Tlne required for the server to oove
froh ooe queue to anothe!  1s.a l led "vetk1n8

rssNl042-0967 /90/0003-0016r7. 50/0
o 1990 Scr t t t6  Techn lca ,  lnc .

A  head-o f - l lne  l r to r l t y  node l  w l lh  tuo
c lasses  o f  cug torers  16  one o f  t ro -queue sod-
e l8  rh tch  have n lxed s€nrce  d ls . ip l lne8 .  In
th ts  nodet ,  the  queu€ o f  p r lo r l t y  cus too€rg
16 serv tced accord iog  to  the  exhaust lve  6er -
v lce ,  and the  queue o f  o rd lnary  cus tosers  l s
serv tced acco ld ins  to  l - l1o l ted  serv lce ,  u l th -
o ! t  ra lk lna  t  loe .

lhe  deare€ or  the  pr lo r l t y  ln  each qu .u .
can b€ r€pres€nted by the ratlo of tb. r€an
e. I t lng  t tu€s  aod th is  ia t to  can be  con-
t ro l l€d  by  .bn81n8 the  co ib tna t lon  o f  t t3
sent .e  d lsc lp l ines .  There fo le ,  t t  t s  lopor -
t .n t  fo r  des lgn in . !  an  in tea la ted  sys t . ! ,  ln
uh tch  t ra f f l c  charac ter is t l cs  6nd requ l r .d
qun l t t le6  are  p locessed,  to  c@btne d t f fe r€n t
serv l .e  d lsc lp l lnes  fo r  €ach queue.

In  th ls  pap€r ,  the  l ,ap tace-St le l tJes
t rsns fohs  lo  a l t ing  t loes  8nd oe6n ra l t ln8
t thes  a le  ob ta lned fo r  tbe  fo l lox lnS tuo  Eod-

(a)  Uode l  corb in ln t  exhaust lve  serv lc .
and aa ted  serv lc€ ;

(b )  Iode l  cobb1t r ln8  exhau8t lve  serv lce
and l -L Io i t€d  se !v ice .

These oode ls  a re  ana ly2ed ln  the  c ! ! .  o f
2€ro-u . tk l rF  t l res  and the  case o f  nonzero-
ua lk lng  t t res .  I .  the  foner  case,  3  tbde l
bc lon ' . ln*  to  (b ) ,  has  a l ready  be€n ada lyz€d
as i  nonp ledpt lve  p l lo i l t y  queu€,  hen.e  l t
13  on l t ted  f lo r  th is  paper .

These mde ls  v i tb  l l xed  serv tce  d t3c lp -
I t .es  a re  Du l t lqueue s 's t€os  I l ,  21 ,  and
the l !  approx l@te  ana lys€s  fo r  ea t t lna  t l !€3
h lve  been done ln  l l ,  41 .  But  e rac t  so lu -
t lons  io !  ,a t t l t rg  t iEes  o f  the  mde ls  h6ve
not  been ob ta tned.  In  t5 l ,  hoder  (b )  r l th
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H,(t),U,(1))

l r . iv . l  o f  c1.33 1 lu● u● B    SO'Ver

chr.  I
λ,―

:i:::・ : 鵠

Flg. l. A s1n81e sener @del rlth ts
queues,

H,( , ) , i -1 ,2 :  Dlst r lbut ld  tunct im of
s.rvlce ttue3 for c1a6. i
custoders, rtere l. ts the

@an add ,P 1s lt. second

Ur(.) : Dlstrtblrlon functlon of
ealkina ttre8 tro! queue I
to qu.@ 2, rh€!€ r.l 1B ltd

!e! i  erd u i - '  16 l ta  . .co!d

Ud') , DlBtributlo. functto. of
talklnt tli€s fr@ quae 2
to queue I ihere LZ ls lt8

rean and al" 16 its ...md
ronent.

λ=メ:+λ

“=“l+峰 ,●
0=“ 1"+2″!崎+trla

,=“ P― (z`)=.:‐1,2,

ρ==スカt,J-1,2,ρ ―ρl+0,

Ⅲ=(ス1カP+え ′ )/2

The Lap■ace―Stielt」eS tran3FOm Of a
continuou8-parameter distrtlbution ftlllctl10n

4(ι) llS represented by 4★ (3), and the gener―
ating function of a d■ screte― parameter di3-
tr■bution functrlo■  2(t) ■ 8 repre8ented by

'(2)

l r r iv. l  of  c1.3. 2

λ ,

A=‐
ノ

'●ln3fer

F■8  2   A■ odel for analysig without

walking time

$Iktrt tln€B sa8 analyred by ealtlna tlrieg
frd on. que!. .erved accordln8 to exhau3tlve
Bervlce to the other qleue ere conatant.
Th€se are %rlable trlth a Beneral dlstllbu-
tlotr 1o th& pepe!.

sectlon 2 dplatns @dels and the1. m-
tations. Sectlon I srlyzes Dodels slthout
ElLftt th4. Sectid 4 analyr.3 thoqe rtth
nlklna tbes, obtalnlng the LSt. for diatit-
butloo f,rnctlona of ra1t1q t1De3 and ran
Fltlnt tties. Sectlon 5 ttves n6er1cal

2. rbd.t8 and Notatloos

Fo! th€ uodels 6horn tn Fig. I, the fol-
ldtrg a$trytl.on6 are rade:

. Thele ere onlt tro quelea.

. There ts o.tly rho seryeg
4ch qude dlternately.

. Queue r 1B serv€d .ccordlnA to eahaus-
tlve rewtcc, sad qoeue 2 lccotdlng to Sated
aervLce or 1-1t-!1ted Benice.

. Elch gueu. has an lnflnity c3paclty.

. Custo@rs errlve rt the queud tccord-
tna to lDd€p€odat Polssoo piocesses, and
rervlce tlie8 and aalklnt tl'e8 .re lndepen-
dent dlltrlbuted ltochastlc v.rl.bl€s.

I te  ndtat lon! . !e  def lned as foUo's:

. i :1 ,2 :  Ar? iv l l  rs te or  c laBs i  cus-
ron€ra,

3. Analysls of a uodel eltholt
t{alklns TlDes

3.1 t{o<leI

Ih€ lod€l rtthout ralklna t1lc3 ln dtlch
the 6.rvlce dl6clplloe of quc!. I tu €xhau.-
tivc rnd thlt of quae 2 1s A5ted, 1B sna-
lyzed 1n thl8 sectlon,

3.2 A ptecrlBc x.rkov proc.8. lcprF
.etation fo! the Dd.I

( l )  Eet thS of  an equlvalent  DdeI

Flgure 2 shoirs eo .qulvaldt oodet for
the ana1y.ls sldch consl8ti of tro queue. and
each qu.ue has lnftrlt€ clpacltt.

clas6-l c$torer6 arrlve dlrectly !t

ClasB-2 cu8tooerE arrlve at queue A
flr8t .nd t!an.f.r to queu. B, Tlatr6fe!8 are
perfoneit by tvo iethod.: ln one, 1@d1at.-
ly lfter all cust@rs ln queue B have be€n
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served, all customers in queoe A transfer to

queue 3, and in the other, a class 2 customer
arriving when no other customers are in the

system 13 1mmediately transferred to ■ ueue B

It iS a3Suted tllat no tinc is required for

transferrin3 the customers   The service dis―

cipline at queue B 13 first― in―f irst―out

ln thlo analytical 血 。del, the movement

of the server ig replaced by the transfers of

class 2 customers   The order in which cus―

tomers are served is not changcd by this re―

placen ent, therefore, the equivalent ■ odel

can be used to derive the mean waiting times

for the ori3inal 口 Юdel

(2) Repre3entation as the piecewise

Hいrkov proces8

The number of customers in queue A aro

represented as the Piece,lse― Markoマ  process

1 6 1

Notations are defined.as f。 1lows:

″'(′): Number oi customers in qoeue A
at time t

S(`)  : state of the server at time t

〈・P : Busy, 「 : Idle)

γ(′)=(′V,(′).S ( 1 ) )

0={0′ 03,1, 2,一 , ,々…〕:
p033ible State space of y(′ )

α =(0.′).03-(0,B), =々(た B)々 ≧1

let {′fち」ti::°:I:S:::e:r:i:iStlζl!i(ξillg
state transitllons occur, where `。

 iS 2ero:

①Oβ一α ② σ-OB ③ →々OB( ≧々1)

:::ml'11];::li!:nilliI:lil[:::[lil]::![1:i:::S,
tion points

No● let us obtain the LSTs lor the dis―

tributtton functllons of intervals betveen suc―

cessive regeneration Points   Let there bo

deFined an embedded Markov chain for tho

p r o c e s s ( 7 (′) , `≧0 ) a s  f o l l " s :

‰ ‐ ン(′. - 0 ) ,  ′ ≧0

The distribution functions of intervals

′″―′″1  , 7‐1 , 2 ,   … v h i c h  d e p e n d  o n  l l ,
are defined a3 :ollows:

C.(′)‐Pr{′.―̀ . ≦̀‰ _=ク}y∈ρ

Let ug obtain the LSTs C」( ),yC'
for these functions are 3iven as follows:

. t\en Y, t OB : t,, 1s the arrlval

polnt  of  a custmer ln  c lass I  or
c lass 2.  Therefore,

6@t(s) : , t / ( ,  +s)  ( l )

c  uner  Y^-r :Ol  :  r f  the err lva l  at  the
resenerat lon polnt  / '  |  1s c lass I ,
tben L , i  ,  ls  a busy per lod for
c lass I  custooers or  1f  thar  arr lva l
is  c lass 2 custoE€r rhen thar  1s rb€
seneral tzed busy per lod (s€e 17,  p.
l l 0 l )  o f  c l a s s  I  c u s t o h e r E :  l r s  r n r -
t la l  delay is  the serv lce r loe of  the
class 2 cusroner.  Therefore,

"he.e 
G'(s)  is  the LsT for  the d ls t r tbu.ron

funct ' ton of  busy per iods for  c lass I  . !sro-
n€rs,  sh lch ts  g iven by the solut lon of

C'(s)=″「(s+メ1-メlG拿(5)) ( 3 )

o口Ъ enン' =々≧1 : ′.―′.1 ls the gen―
eral12ed busy period for class i cus―

tomer8:  た  class 2 custollers transfer

to qoeue B at  4_1. henee its initi31

delュy is the sum of thc sOrviで e tines

for these elass 2 custollers:

C.・(s)={″「(s+え1-′10°(s)))・,た≧1 (4)

3 3  An embedded Harkov chain at renen―

eration points

(1) Transition probabil ity matrix

mntrileiρ ;i』 ,iain the transition probabllity

,メ,ソ2‐Pr(‰―クJy._1‐́ ).4,ン2C ρ

o lfン1-OB,then ン2‐0′;henee

鳥`α-lρのy=0ン +0′     (5)

o lfノ1~0′or yl―々,1,thenち〈=4-0)
is the number of class 2 customers

vhich arrived during intorval(′ ● 1 ′.)

Therefore, letting a,l  e the number of

class 2 customers which arrived during

the interval and putting

●(プ)=Prla,‐Л‰ =y).ク ■Oε

the elements of the transitllon probability

matrix nre given by

力 んの一 の ( 0 )

鴛[篤与ζil  ⑥
′́, =σ′( )々 . ′々 ≧1

覆
`
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凛.)L::rul:‖:incttu霊:::::ぬ
fmction o[

a(2)=〔H2・(2■ス1-λ16。(22))]・.た≧1  (7)

ゐ(→―+G【々)++aC)  ①
‐ere々=λ―た2

(2) Ceneratltg Function of 3teady-3tate
dl13tribut■on for the e口 bedded Martov cha■ n

The collditioll in � th the steaay― state
d13tribution ex■ 3t8 18 ρ く l   The 8eneration

″cρ
ll:::fl:dl『dソgtate d18tr■butim■,

″(z)=潟″,ぁ=勤+Ⅲ

The balallced equation3 fOr the steady-8tate

digtribution are 8■ 'ett by

77or‐7●J=●●7(0)Ⅲ+属の(0■

あ=の(07。7+月●(力)',力≧1

. .r. : The n@ber of cla8s I cuatoEera
J to th. . , "y" t*  lGedlate ly  af ter

tlee rY'

*ete j :0,1,2, " ' ,  J

L€t rhe dlstrlbution functlon of r. bG
u(i l= Pr(u,=i l .  {:  satr6fr€s X,= X,-,- ' ' t+ u,

J
( rhere i -1,2," ' ,  , I ) ,  therefore Ix i ,  iz l ] l  rs

rlarkov chaln havlog an dbsolblna 6tate 0i !t
ls the .!cb€r of 6teps uatll rhe Xrrkov chaln
leche6 the sbsorblns stste, he.c. 

L 
- 0.

F!or! tbese resulta th€ foUdlnc reculslve
expreaslon fo! Pr{&=rtlXo:*}-rs obtalned,

PtIx): nlx.= kl
[0, j th andm< h- j
t - . ,
I .  .E ..vh-t, -r)JP{x,.t- r lx"- at. -

=1 jsk anA dah- i

|  
) ,(n -( '-  l))Pr(x,-, = ' l&= r).

I  j r u  (  )( ' )

O8lnt thes€ equetlma, the Sereratlnt func-
tlon 16 81ven by

nk):{ioQ)-tln + n{i'(z)l (ro)

3.4 Dl€tllbutlon8 of mltlng rlD.

(l) Dlatrlbutlon of raltin8 t1a€ fo!
cla.a t custoherg

r,.t 0(') t" the sen€rstlns functtm of
the dlatrlbutlon fo! the oldber of cla8s I
cu8tocra 1n th..yBt€o th€dlately after
th.l! d€parture. using thl., l.t u. obt8ln
the LST fo! rhe reltlnS ttre dlstrlbutlon
fuoctloo of cla.s I custoDers.

Q,(.) re repr.s*t.a ty I( ') ,  
"t ' r .r 

r.
81veo 3s Eq, (10), A rteady-6ta-te process ls
assi!@d, and an lntedsl (r", L*rJ ror gucces-
slv€ reg.n€ratlon polnt3 1. cm.ldcred.

Notatlon6 ar. deflned as follor.:

. .t : Th€ luober of cla$ I c!.tde!a
d.palted dullna th. lDt.ru.l
ft". r.. 'l

. t(0), tt" tl.!e dte6 all .€lvlces lor
" Y. .u.. 2 cuitoo€rs rere <looe

. ,--': T1l. deparrulc tbc. of clasa t
' 

custoD.ri durlnr thc lnt.rval
(L, t .-J , eh€te- ,Y':r,-t

. ,. : The nlrober of c1.3s I custdera
J ,ttt"h aElved durtDg aa bte?va1

(ry"'. rylJ

( 1 2 )

(13)

Ol(・)i381Ven by

き。,(Zl一課・11・二Pr{る―‖路‐al

】P“Xr-71X・―●

+2号P与邑Pr{x‐"X・-1)

+午ΣPr(X・‐“4-1)

,Pr{χ=アIX・―a〕

rhere C 1s the nollallz€d constant.

In the bracl(ets of the foredertloned
equatton: the fltlt t.m !ep!e6ent6 the
plobab1l1ty that the n@ber of cks6 I cus-
torer8 ln the sest€o tmedlaielr after thelr
depalture 16 nr in the caee ot fr:a]l ; ttc
aecond terD repr€sentr that problbiuty ltr
the case ri.ic Y,=OI a"a N ch.! I cusrooer
arllv€d at tni and the thtrd tet! represent.

that plobsbluty tr th. cas€ *exe h-OI
and a cl,a8s 2 cuatder arrlved at tr. uaint

Eq. (rr), the follorlns .xplersion 1. ob-

I  ^ ,  .  H tq , -  ) , )  ,  - , - - ,  -
aa(,) = ;iiiihi;:J I n ( Ht 0, ), z))

十1=2十七■″Gんカ
ー(1+r.7)〕

rh€ vatue of th. rcrDallz.d coost.lt C
tu obtllDed fr.'o the norla1llrtlor conditlotr
for O(.) 16 fouds:
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Behavior of the gerver dur―

in8 (r. 1..1〕

C=〔ス(1-ρ)〕/(ス1701)     (14)

Fro口Eqs(13)and(14),the LST%° ()for
the ,alltine time distribution function for

elass i customers is obtained:

略
°
(s)=

｀
l l .   I 1 1 2 , ll..1

●

t.7.tFFl == τ
,tr't`   囁

,

Fig  3

〔1+77●7~″←″(s))
―(拓αク)(ス1-s+ん「2・(s))〕 ( 1 5 )

The tnean waltlna tlEe L'l t6 obtalned by

d i f f e r e n t l i t t n g - E q .  ( 1 5 )  v i r h  r e s p e c r  t o . .
a n d  p u r c l n a  s r u +

a,,-t( l  -p)a.t l / [( l  p\(r- pt+ p,)] (r6)

(2)  Dlst r tb l t lon of  ,a1t t .8  r t [es for
c lass 2 cu8torers

tet  Qz(  )  aenote the aenerar lna funcoon
or the d ls t r lbut lo t r  for  the nuder of  c lass I
custor€rs 1n th€ eyst€D 1@edlate ly  af ter
thei r  departure.  As ln  c l .ss I  c ls tmers,
the sai t l t rS t loe d ls t !1but lon functron l7z( . )
r o ,  c l a s s  2  c u s r o R r s  , s  o b r a l n e d  b y  u s t n s
o(.).

Let  os lepresenr Q'(  )  ry  /1( . )  r .  rq.
( r0) .  l r  the fo l1or ln8 analy8t3,  a sready-
state ?rocess ls sssuEed and an 1nt€rva1
\1" ,  t^n l  tor  su.cessiv€ lesenerat lon porrE

l iocat lons . re def ined as fo l l@sr

.  j . ,  :  The j th  d€parture t l re  of  c lass'  
2  custooers dui lns ln terval
{L, r ' . ,1 , where , ior=t ' .

: NuEbe! of c'lass 2 custoDers rho
' '  ar!1ved aurrne rntervar ( t l  ' r ,

, 0 ) l

. X, : Nuober of class 2 custoEels 1!
" '  the systet r  lust  af ter  t toe &u'

. r(i) = Pr{r,: t}.

uslns th€se not , t t "n" ,  Qd.)  is  s lven by

r  .  r r -
iQ74= 2 z'1'':' ' '1-,

( 1 7 )

where σ  is a n。 _112ed COnstant   ln the

brackets in the right― hand of Eq  (17), the

first tert repre3ents the pllobabillty that

the number of class 2 eustomers in the syste血

::::・11:[:y)、
ft2ルt:i:ra :::::u:ec::t:m:: :lニ

rived at t・ .; the second term represents that

probability in the case of `、 ‐ 々≧ l    using

",(3mf。 :τ:1:dulitii8f::m:1:::tlibll:。 IST

function for clas8 2 cust。 ●ers is obtained as

follows:

%″(s)‐(1-ρ)

十規7えJ畔裁や各舞塑(lい

″=〔(1+ρ2)Ⅲ1/〔(1-ρ)(1-o+ρ2】 (19)

ω
l and L・2 Satisry the f。

11。wing con3ervetion

law 17, ,  113〕:

1ヽ 1

々
〓為〃〓χＰ

・
０乙
′・，

Ｌ
一Σ
Ｈ

＋

P'ut+ Pruh:puk/O- p, (20)

4.  Analys€s of  Models r l th  la lk tnS Tlhes

r , " t  I ' , ( . )  aenote rhe senerat tna funcr ton
of  the d is t . lbut lon for  rhe number of  custo-
!e.s in queue i Just before rhe t1m rhen rhe
server  af t ived ln  thts  queue.  us in8 n( . )  ,
the LST for  the ra l r lnA t iDe d lsrr tbut lon for
( l r s s  c u s t o D e r s  t s  S l v e n  a s  I n l l o v s :

.  I '  oueue j  ls  servtced a.cord lnA ro
exhaust lve Eerv lc€,

: - . ^  r - F r l - " / ) \
t l ' ( s )=  ;+A i  i ; : , ' i " :  i "  i {

r , ( 1 ,  / ' t ,  1 5 , -  I  + s / n ,

.  I f  queue ? ts  servtced ac.ord lne to
Sated selv lce,

.,.,-, F,(H,'(s)- F,(l - s/r,))
"' \'/-Rit{l/lar:l+#;f

.  I f  queue 1 :  l s  sed iced accord lng  to  l -
l tD l ted  6erv1ce,

q/n.) = I.g:4i: Ejg)' ' . ". (l -s/r,)tl _ R(o)l

ス(1-

ハ拓"{″「(s)-1+sク



E(r): tin?ldz\ F.G\
lt€refore, F('), a"a F'(') er". thc Lsr's for
che raltl.ng dlst!1butlon3. In the folloelng
.€ctlo.s, 6 bdel el.th dred exhaustlve and
trted ..rvlces 13 analyred flrat. Tten a
D(lel llth Dlx.d lrhausrlve and l-llElt€d
B€rv lc€.  1s analyzed.

4.1 Anllysls of a mdel rlth nt:.!d
cihas.tlv€ sod a6t.d 3€wlcea

Th€ proc.dutc of the lmly.ls 16.! fol-
l@3: th. 8.n.rat1a8 functlor of the d13tr1-
butlon for thc nulb.r of class 2 cGt@ers ln
th€ .y!l.o lD.dl.t.ly afte! th€ s€rv€rr! d.-
p.rture froo qucu€ I 13 obt6tred rtratr F( ),
sd l .d ' ,  r re repr€aentd by th l6 8. .€rat lor
fuactlon. rh.o .ubatltutln8 tha lnto Eq!.
(21)  snd (22) ,  th€ LsTs of  the sai t lns the
dlsrrlbutlors a!€ obtalned,

(1)  Model

Exhausted .ervlce t. apll1ed to queu€ ll
and c3tcd s.!v1ce 1s appu€d to queue 2.

(2) Dtrtrlbutlon of the n@bei of cus-
toEr! lEdtrt.ly sf ter departure of th€

Lrt u3 con.tder a tta dr.n the 6.rvcr
depsrted fro! qreue l Tte iurber ot custo-
Drs tn qu.ue I lnedlately atter thl3 tiD
1s a1r.y3 rero. Tterefore, a me-<l1ren8lonal
uarLov chltn for the nrb€r of cust@rs ft
queu. 2 ctn be u.ed for the atalysl3 (a.c Fla,

Notat lons.re def lned ad fo l loy3:

lt'l : Tr[. oh.D th. servcr d.perted
frd queue I

/V, : tt nter of custders ln qucue 2
luldlately .fter ,i

{tl)} ! r1fr r'hcn the server arrlv.d at
qucu. I '

M" : I'r*cr of cu6torer6 1n qu€u. I
at lI!)

{r,["] : rr!€ iihed the server .rt1v.d rt
qucu. 2

o : l|alllog tl'r. froo queue I to quae
2

rr : 5\6 of s€rvlce t1[!r for lll cla8s

2 clstoEr6

ar : Sua of s€rvlce tlEes for ,2 clasg

2 clst@er8

rr : lialking t1@ fro! queu. 2 to qoeu€
I

.. : Su! of s€rv1c€ ttlea for ,l claa6

I custo€ra

. : i +a .+4+ r .

h:h.r- t f l

Thc cordltloa that the stochrstlc proc-
ers {tV,, z}0} has a sterdy-srat€ dtstrlbutlon
13 p<1. A6suelns thts condltlon, let us ob-
tsln the aetreratlna runctron I/(') ot rne
3t€ady-state d ls t t lhr t lon {n j ,  . i  :0}  of  th€
stocheat lc  proces6.

Fron Fls. (l), iy'i+' 1s the nuaber of
cIa6B 2 cuot6€16 arr lv lne dur tnr  ln t€rval

( t f ' , , ' , '1 .  sr"" .  r t  ve6 e;s@d i t ' r t  t t ' .  
" ' -rlval processes lr€re Po18son, th€ transltloo

Drobabi l l ty  P. .  o f  the stocha. t l

be repr.smted usloa ! condltlon! dlrtribu-
t lon for  n^ a6 fo l los:

C.(ゆ‐可 ●≦′“ ‐力)

・・‐I聘■嶽―を)κKll.1′‐●12… (24)

口helle n。
 ls a generalized busy period for

ela88 1 Cu8t… rs : its initial delay 18 1

The LST for the conditional di3tribution

function fo■  で 18 81Ven 38 fO■ 10u8:

C,(1た)―Prir≦′IW≒=力),た=0,1,…

61(si力)=υ「(aJ2・(S)(H3・(S))°  (25)
α=At―λlHtt(s)+ん―たH8°(s)

式(25)よりC・・(・)が得られる。

C.・(s)‐●lt(β―S+た 一た“r(β))

(26)

絆〕:滑Perof釦8t…r8h qume 2 at

: tttd.r of cla33 I cu8t.|[.!. ar-
rlv.d durtns rntervar (t".tlDl

: lll[b.r of cLars 2 custo!.rr !r-
rlved durlos rntarvar (r", ,l'l

υ:

υ「(の〔“F(β)}°

β=S+λl―λC・(S)

uhere C°(°)■8 the LST for the distribution
fullctioll of the Beneralilled bu3y period fo■ l

C■a83 1 CuSto口 er3, and thi3 18 8iVen bソ  Eq

( 3 )

Fro口 Eq  (24), the gelleratin3 functton

°f ′
じ」 ・

lth re8Pect t。 ノ 13 8iVen bソ

鳳め″=εP(え―A22),'=0,1,2,… 07)●



r roE Eqs.  (26)  and (27) ,  and f ron ba1-

the following equation is obtained:

″(2)―tr・(′+′ァ
ーた月'(い)びr(,)「(″,(9))

g―スーた2-ス,G°(え―′′)

メl( ) is represented by

F2(2)=鳳ノPI札+ =́ガ
０

〓一つ″Σ̈
向

一ろ

(34)

(3 )  D is t r i lu t ions  o f  w6 l t lns  t ines

The LST fo r  the  wa i t lng  t lne  d is t r ibu-
t ion  fuoc t ion  and th€  neao wa i t ing  t lne  fo r
each c tass  a ie  shom.  In  the  fo l low lng  ana-
Lys is ,  a  s teady  s ta te  p rocess  is  assuned.

(a )  D lscr ibuc lon  o f  ra i t lna  r in€s  fo r
c lass  I  cus toners  Fr ( ' )  rs  regresented  ly

slnce ly', and r, are nutually indepe.denr, rhe
fo l lor ing equat ion 1s obta in€d:

F,(z): UiQz- )zz)ll(z) (35)

By subst i tu t lna Eq.  (15)  ln to Eq.  (22) ,  the
LsT , / r ' (s)  for  the vai r ins t iFe d ls t r ibut ion
funct lon of  c lass 2 custoners 1s obta lned.
The oean eaicing tlne 

2 
1s glv€n by

( l  pz)at  _ l l -  p) ( { '  '  ,1 , )* - (l p)tl p' rj- 2n p' I p.)u

-L|+ p,)u pll - p)(1+ p),1'
2 ( l  '  p )  ( l  -  p , t  p , ) u  ( 1 6 )

, l  and  ,2  sa t is fy  tbe  fo l lov ing  pseudoconven-

(23)

局(2)=鳳′Pr{MD一分 (29)

As sho� in Fi3 3,Mn is the number。[

ii,71)i Cu:;'::[:i:[riVing during interval

●‐嬌D―′.―rO+■+.2 +ミ

let us obtain the LST for the distribution

funetion o[ ■    Since あ +r2,れ , and .n are

mtually independent for given札―ブ,the
following equation is obtained:

E[exp(-5ヽ】ⅣЪ‐プ〕
‐″(s+ス2-22″r(S))or(sll″″(s))′

ノ=0,1.2,… (30)

3y using this, the LST for the distribution

function of ι  is given as

Elexp(―S●)]=υ「(S+ん―ん″ダ(S))

υダ(s)″(H2・(s))   (31)

From this equation,n()is 3.ten as

ハ(2)‐Elexp(―(ス1-ス12)●〕

=υ「(ス1-λ12+λ2~ス2″r(ス1-ス:2))

υ″(ス1-ス12)″(H″(ス1-メ:2))  (32)

The LS■略摯
(5)for the miting t�e distribu

tion functiOn or class l customers is ob―
tained by substituting Eq  (32) into Eq  (21)

The mean waiting tinc “  is given by

躊 ―

品
+酬

+需 +や
 。

"

(b) Distribution of waiting times for

class 2 custoters

ⅢⅢ+ρ″=青+り+肯 ( 3 7 )

4.2  Ana lyses  o f  a  oode l  v i th  n ixed
exha!sa ive  and l - l1D i ted  serv lces

Since the  ana lyses  procedu.e  fo r  th ls
node l  i s  a lsos t  the  saoe as  be fore ,  the  re -
su l ts  on ly  a ie  shom le lov .

Queue I  i s  s€rved accord ina  to  €xhaust lve
s€ lv lce ,  and queue 2  accord log  to  the  l -

(2 )  D is . r lbu t ion  o f  the  nunber  o i  cus-
tohers  im€d ia t€1y  a f te r  de la r tu re  o f  the

Sin.e th€ nuober of custorers in qleue I
iMed la te ly  a f te r  a  server 's  depa l tu re  f ron
Eh is  queue is  a l tays  zero '  the  nunb€r  o f
c lass  2  c ls toners  a t  these t l ses  can be  rep-
resent€d  as  a  one-d lhens iona l  Markov  cha ln .
The senera t ing  func t ion  I / (2 )  o f  the  s teady-
s rare  d is t r lbu t lon  { I i ,  i  I  r  ro r  th is  Markdv
cha ln  i s  ob ta ined by  the  sane oe thod as  in
sec t ion  4 .1 .  The cond i t lon  tha t  th is  s teady-
s ta t€  d ls t r lbu t ion  ex is ts  i s  g lv€n  by

P+ )zu <11

/ / (z)  ls  e ive.  by

. ,_,  Ut : ts+ ^ , )Ui ts \1.  HiG) l tu
2 Ltl(s)U"(o\HiIs\

s- i  n . -^ 'G' lh  ) ,2)

I roE th ls  norMl lzed condt t lon fo!  t (z)  the
value of  t r^  ls  Plven by

24
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Fig .  4 .  A  conpar ison  o f  nea.  wa i t ing
t loes  ( r l chout  ra lk lns  t ines) .

n ! -  l l -  p  ^ , t  )  
' u i \ 4 2 ) \ t  p t t  ( 1 o )

(3 )  D ls t r ibu t ions  o f  wa i t ing  t im€s

B )  u \ i a B  r h e  r c . u l t .  o l  s e , t i o n  r 2 r .  l e l
us  shom the  LST fo t  the  wa l t lng  t lhe  d ls t r i -
5u l ion  func t ion  and che mean wa i t ing  t lhe  fo r
€ach c lass  in  s teadt  s ta te .  The cond i t ion
t l  : r  - r e a d y  ! r a r e  e x l s r s  i s  p , / l  ' o r  o L e L c
1 ,  ^ a d  p + ^ 2 u < \  f o r  q u e u e  2 ,  T h e l e r o r e ,  i f
p )< l  ana p+) ,uZ l ,  a f te r  lons  run  queue I
i s  the  s teady  s ta te  and queue 2  is  sa tura ted .
In  th is  case,  the  ea i t ing  t ine  o f  queue t  can
be ob ta ined by  us lng  the  resuLts  o f  vacat lon
n o d e l s  1 8 ,  p . 3 0 2 1 .  I t  p + ) , u < ) . ,  a f t e !  a  l o n a
run,  bo th  queue t  and queue 2  are  in  s tead l

s ta te .  In  the  l . l l oe ing  sec t lons ,  th is  case

( a )  D i s t r i ! u t i o n  o f , a i t i n B  t i n e s  f o r
c lass  I  cus tomets

L c r  u -  o n . i d e r  a  p p r l o d  f r o n  L h e  d e t a r
tu re  o t  the  server  l rom queue I  to  i t s  recurn
to  the  queue.  Th is  per iod  depends on  tne  nun-
ber  o f  cus tobers  in  queue 2  imed ia te l t  be
fore  the  se lve !  a r r i ved  a t  che  queue,  I f
th is  nunber  o l  cus toners  i s  zero ,  the  per iod
ls  t l re  sun o f  t ro  success lve  raLk lng  t l ses .
o therw ise ,  the  pe l iod  is  the  sun o f  the  tvo
Euccess lve  wa lk lng  t lnes  and a  serv lce  t loe
for  one c tass  2  cus toFer .
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The nuDber of cuslorers 1n queue I lme-
dlate ly  before the server  af t lved at  the
queue 1s rhe nuob€r of class I custooers ,ho
a ived dur lnS thar  per lod.  Therefore,

r 't(z)= tu)uiQ,+ z,lLJi(a){t - If (2,))

+ UiQ,lUiQ')HiQ) (40)

The lsr t l f (s) ror the wsit ina t lme d1s-
tr lbut lon fu$ct lon 1B obtatned by subst l tut-
rn8 Eq. (40) lnto Eq. (21).  The Dean {att lnS
tiDe ls 8lven by

,, , . -  uo ,(Ui)(k) hr iJ- p- Azu)* '  l -  p,  uiQ) ( l  -p,)rz

, [l;,"),-"i - p+ + q-4+!1 (4 r ,
z u \ L -  p t )  t - p t  \ t  p t ) u

(b)  Dlst r lbut lon of  , r l t ing t ioes fo!
class 2 custofiers

Th€ nunber of  custosets i f ,  queue 2 lMe-
diate ly  before the server  ar l lved at  the
queue ls the 5$ of the nu&ber of class 2
custooers ln  qu€ue 2 l r isedlate ly  af ter  the
serve! departed froh queue I and the nuober
of  custotDers ar !1ved dul lng l ts  ta lk lnS t lhe
f loo qu€ue I  to  queue 2.  Slnc€ these tvo
lusbers are Eutual ly  lndep€ndent ,  the fo l loe-
1ng equat lon 1B obta lned:

鳥(2)‐a°(λ―た2)″(2) (42)

By sub6t l tu t lnS Eq.  (42)  in to Eq.  (23) ,
rhe LsT ly , ' (s)  for  the eai t log c iEe dtst r lbu-
t ion for  c lass 2 .ustoD€rs 1s obta lned.  The
Dean ealc lnB t lne ls  g lven by

;" lui ua$- pl*'= 0 -p,\E: p=7$ u1(T"f^";(t - p)
ulb p'll - p)u''E=7ilF:p-En) I,It- pJn

+面
繹 た“)“

a luays  app l led  to  queue I ,  and ga ted  sewl .e
or  ] - l l i l t  se tu lce  1s  app l led  to  q reue 2 .
The serv ice  t i re  d ls t r ibu t lon  io !  each c lass
ls  exronent la l ,  ' hose oean va l le  ts  one,  and
ua lk ing  t i@s are  cons t .n t ,  ,hose va lues  a ie
0 . 1 .

Ftsule 4 shoss a coDparlson of oean
ra i t tng  t ines  fo r  node ls  e l thout  va lk lna
c t les .  Note ,  in  th ts  .asc ,  the  rcde l  r l th
t r l xed  exhaust lve  and l -1h i t  Eerv lces  co l re -
sponds to  a  nonpreerp t lv€  pr lo r l l y  rcde l .
When p l  l s  Srea te !  than p2  a6  shor | 'n  1n  F18.

4(a) ,  lhe  nean ea l t lna  t ldes  o i  queues I  and
2 have l l t t le  d l f fe ren .e .  When 12 ls  sna l le r

than oZ as  shom I r  F18.  4 (b) ,  th€r€  ls  a

la lge  d i f fe renc€ ln  the  oean ea l t lDA t lEe  in
qoeue l ,  bu t  l i t t le  d t f fe reoce tn  queue 2 .
Th ls  shovs  tha t  ,a l t los  t iDes  fo r  c lass  I
cus to ie rs  a re  ln t luenced @re ea6 l ly  by  c lass
2  cus t@e! .  in  the  node l  , t th  ga ted  sewlce
than tha t  in  rhe  md€ l  r i rh  l - l lh l ted  sery ice .

F lgure  5  shors  a  .oopdr tson o f  oea!
!a l t lns  t loes  fo r  the  node ls  e t th  xa lk lns
t1nes .  When 11 is  g red ter  than .2  as  shoh

1n F18.  5 (a) ,  the  lehav lo r  o f  !a l t lns  t ines
i s  s t n l l a r  t o  t h a t  l n  F 1 R .  4 ( a ) .  X b e !  c 1  l s

sFa l le r  than 02 ,  the  t rean ra l t lns  t lhe  6 f

queue 2  in  the  Dode l  r l th  l - I l l l t  serv tce  1s
ra ther  lona.  Th ls  ts  due to  the  fac t  tba t
the  sed 'e r  a leays  takes  a  ta lk lng  t i i€  a f te .

serv iog  a  c lass  2  cus toDe! '  ln  th ls  lode l .

- t  and ,2  sa t ls fy  the  fo l loe tng  Pseudoconven-

.. ..{,r,l . pt'x , p4::-P}4
A u t +  p ^ t  -  

|  _ ; t u ' , =  t - - i .  2 u  
-  

t _ p
( 1 4 J

5.  Nuner lca l  ExaEPles

!sln8 nuoerlcal exarPles, the dePendeoce
of Man raltlng cloes on the cooblnatlon of

se tu1ce d lsc lp l lnes  i5  shoh.  In  Dde ls  d ts_

cussed 1n  th t6  sec t lon  exha ls t l v€  se iv ice  ls

6 .  Conc lus lons

A s ln , l le  seder  node l ,  in  wh lch  queue I
l s  served ac .ord in8  ro  eahaust lve  serv lce  and
queue 2  ts  se tued acco ld ln8  to  ga ted  se lv lce
or  1 - l in i t  serv ice ,  ras  .na lyzed by  us lng  th€

senera t lng  func t lon  re thod i  and the  LSTS fo r
ua l t lng  t loe  d ls t r ibu t lon  func t lons  and Dean
va l t ing  t ioes  sere  ob ta ined.  D l f te t€nces  b€-

t ree .  lean  ra l t lna  t toe  io r  c lass  I  cu6 to6e ls
and tha t  fo r  c lass  2  cus ton€r6  due to  co ib i -
na t lons  o f  se .v ice  d tsc lP l lnes  eere  shod us-

lng  ouDer lca l  €xanp1es.

Ana lys is  o f  a  mde l  to  eh lch  the  nuober
o f  queues is  exp .nded to  I  (1 .e , ,  a  sene.a l
case) ,  and ana lys is  o f  oode l6  coob lned u i th
orhe !  serv lce  d lsc lp l lnes ,  such as  i : - ] lu1 t

se lv lce , rh ich  nea.s  lha t  the
nax lhun i l  cus toners  io  a  queue ,hen 1 t  v ls l t s

the  queue,  e i1 l  be  sub jec ts  o f  fu tu ie  s tudv .

Ac&norled8enen t . The autho! rlshaa to

exptess hrs thanks to r, Konosuke KaeashlM

and Dr. shuichi SuDlta of NTI Comunlcatlon
Su i tch lnA Labora tor les  fo r  the l r  adv lce .

(43)
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