Rational structure on algebraic
tangles and closed
iIncompressible surfaces in the
complements of algebraically

alternating knots and links
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How can we recognize knots?

knot
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Morse analysis
N\ Y, \_ Y,

O000000diagramU algebraically alternat-
ingd O geometryld closed incompressible sur-
faceO O OOOOOOOOOOOOOO



The Hasse diagram for knot diagrams
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Essential surfaces in knot/link exteriors

o 0= 1

— Closed surface

+ g=0 <= split link
x g = 1, non-separating
<— satellite knot/link
e 0F£ ()
— Seifert surface
* g=0, |0| =1 <= trivial knot
— Tangle decomposing sphere

x |0 =2 <= composite knot/link

— Interpolating surface

x g =1 <= torus or cable knot/link



Algebraic tangles
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Formulae on tangle fractions
T : tangle

p = det(N(T))

q = det(D(T))

000004 f(T) =p/q0 tangle fractionO O
L1 [

N(T) D(T)

- Theorem (Conway) N
() =pi/q; 1 =1,2)000000

P192 + P2q1
qd1492

o f(T1 +1T5) =

o F(T]) = -

f(T1)




- Theorem (Krebes)

(B, T) C (S3,K)
f(T) =p/q
= ged(p, q)|det(K)

Square tangle Ty Granny tangle 15

—1 1 0 1 1 §)

TH) = —— — = — THh) = — — = —

f(T1) 3-I-3 5 (1) 3+3 5
ged(0,9) =9 ged(6,9) = 3

Ty ¢ 01, 31, etc. T> ¢ 01, 22, etc.

Remark. N(Tp + —1/1) = 34



m-essential surfaces

surface F'l essentialO 00O 0O O

e incompressible

e O-incompressible

e Not O-parallel
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e Mmeridionally incompressible

OO00dOm-essentiald 000



Theorem (Menasco)

K : alternating knot/link
= AF C S3—K : m-essential closed surface

- Theorem (Oertel) N
K : Montesinos knot/link
JF C S3 — K : m-essential torus

<~ K:P(p,q,’f‘,—l), %_I_%_I_%:l
N J

— Theorem (Bonahon-Siebenmann) —
K : large arborescent knot/link
JF C S3 — K : m-essential torus

= 3Q2C (S3,K)

Q>



m-essential surfaces in algebraic tangles

E(T) : the set of m-Essential surfaces

B(T) : the set of m-essential surfaces with
Boundary

C(T) : the set of m-essential Closed surfaces
Then, E(T) = B(T) UC(T)

T has Property oo
<= T'" contains a sub-tangle which is ob-
tained by a tangle sum of slope 1/0+4 1/0

- Theorem 1 ~
T : algebraic tangle

1. VT, 3F € B(T) : free, separating
2. VF € B(T) has a unique 0-slope
3. 1B(T)| =1 <= C(T) =10

<— T' does not have Property oo

T 0O o-slopeld O genus
o(T) = 0-slope of F € B(T)
g(T) = min{g(F)|F € B(T)}
HREREEN




Formulae on tangle slopes

Q-

reflection
. )
) _ ("8 &
T, T, T * T,

tangle multiplication

- Theorem 2
17, T»: algebraic tangles

1. ¢(Th +T5) = ¢(T1) + ¢(1>)
2. ¢(T1 xT2) = ¢(T1)(1>)

3. ¢(=T1) = —¢(T1)

4. ¢(T5) = —ﬁ




Algebraically alternating diagrams

Conway notation OO O OO algebraic tan-
gle TOO@(T)>0, <0, 0, coOOOOOOODO
1/1, —1/1, 0, ool rational tangleD O O0O0O0O
diagram U basic diagram U O O

K : algebraically alternating link diagram

Ko : the basic diagram of K



m-essential closed surfaces in the com
plements of algebraically alternating
knots and links

Theorem 3

~

.
K : algebraically alternating knot/link in S3
K : algebraically alternating diagram of K
Ko : basic diagram of K

1. 9F C S3—K : m-essential closed surface
< Kp is split or 3T : an algebraic
tangle of K with Property oo

2. 352 ¢ §3 — K : m-essential 2-sphere
<— dT' . g = 0 cut tangle

3. Suppose AT . g = 0 cut tangle
Then 372 ¢ S3 — K : m-essential torus
<— dT : g = 1 cut tangle or Q> C

(85K
Corollary
K : algebraically alternating knot

= AF C S3— K : m-essential closed surface




Example. 3F ¢ S3 - K : m-essential sphere,
and dg = 0 cut tangle

Example. 3F C S3 — K : m-essential torus,
and 3Q» C (S3,K)

i Ky



Example.

N(T) = P(2,—-3,—-6)

JF C S3 — N(T) : m-essential torus,

but AQ> C (S3, K),

because T is a ¢ = 1 cut tangle in N(T)

T = R[1/2,-1/3; —1/6]



Problem.

V1 . 2-string tangle

J'F c B3 — T : m-essential surface with
boundary, and are 0-slopes of F € B(T)
unique?

Problem.
Characterize ¢ = 0, 1 cut tangles

Problem.
Classify algebraically alternating links

Problem.

K & K’

«— 3(B,T) C (S3,K), B, T c (83,K"),
st. (S3—B,K—-T)~(S3—B K'—T') and
o(T) = ¢(T")

KNKn
<— 4K = Ko, K41, ..., Kpn s.t. KiHKi—I—l
(i=0,1, ..., n—1)

What can we say about this equivalent rela-
tion?



